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1) The equilibrium point 0 of the system given by Eq. (5) is
asymptotically stable at some time t0>0.

2) The equilibrium point 0 of the system given by Eq. (6) is
uniformly asymptotically stable over the interval [0,oo).

III. Examples
In this section we illustrate the efficacy of our theorem

through two simple examples.

Example 1
Consider the simple example of the single-degree-of-free-

dom mass spring damper system

mx + ex + kx = 0, (12)

where m, c, and k are the mass, damping, and stiffness of the
system. We consider the analytic Lyapunov function V where

V = (13)

represents the total energy of the system and whose derivative
is given by the relation F= -cx2<0. We compute the higher-
order derivatives of V and check that when V= 0, V— 0, and
VW=-2cx2=-2c(k/m)2x2<0, Vx^O, where V™ is the
third derivative of V with respect to time. Clearly, from the
sufficient conditions of our theorem, we can conclude the
asymptotic stability of the equilibrium point x = 0 of the sys-
tem described by Eq. (12).

Example 2
Consider the damped Mathieu equation that represents a

nonautonomous system with a period of 2?r. The state equa-
tions are

*2 = x2 - (2 + sint)x\

We choose the Lyapunov function V as

v2
X2

2 + sin t

(14)

(15)

which is analytic in x\, X2, and /. Calculating K, we find that

4 + 2 sin t + cos ^
= -xjg(t),

(2 + sinO2 (16)

Thus K<0foral l f , ( j t i ,* 2)and F=0if and only if x2 = 0. We
compute the higher-order derivatives of V and find that when
V= 0 or x2 = 0, then V= 0 and

= -2x2
2g(t) = -

(17)

It therefore follows from our theorem that the system de-
scribed by Eq. (14) is uniformly asymptotically stable in the
neighborhood of the equilibrium point.

IV. Conclusion
An asymptotic stability theorem for autonomous systems

and periodic nonautonomous systems was developed that
provides sufficient conditions to conclude asymptotic stabil-
ity when the first derivative of the Lyapunov function van-
ishes. This theorem is more versatile than the well-known
LaSalle's theorem because it does not require us to sort out
the maximum invariant set. The theorem is applicable to ana-
lytic Lyapunov functions and is specially useful when higher-
order derivatives of the Lyapunov function are easy to com-
pute. The efficacy of our theorem was shown through two
simple examples.

References
1 Lyapunov, A. M., "On the General Problem of Stability of Mo-

tion," Kharkov Mathematical Society, Soviet Union (in Russian),
1892.

2LaSalle, J., and Lefschetz, S., Stability by Lyapunov's Direct
Method with Applications, Academic Press, New York, 1961.

3Slotine, J. E., and Li, W., Applied Nonlinear Control, Prentice-
Hall, Englewood Cliffs, NJ, 1991, pp. 123-124.

4Rudin, W., Principles of Mathematical Analysis, McGraw-Hill,
New York, 1987.

5Hahn, W., Stability of Motion, Springer-Verlag, Berlin, 1967.
6Vidyasagar, M., Nonlinear Systems Analysis, Prentice-Hall, En-

glewood Cliffs, NJ, 1978, pp. 140-141.

Exact Closed-Form Solution of
Generalized Proportional Navigation

Pin-Jar Yuan* and Shih-Che Hsut
Chung Shan Institute of Science and Technology,

Lungtan, Taiwan 32526, Republic of China

I. Introduction

P ROPORTIONAL navigation has been widely used as the
guidance scheme in the homing phase of flight for most

missile systems. In pure proportional navigation (PPN), the
commanded acceleration is applied in the direction normal to
pursuer's velocity, and its magnitude is proportional to the
angular rate of line of sight (LOS) between pursuer and its
target.1"4 In traditional true proportional navigation (TPN),
the commanded acceleration is applied in a direction normal to
the LOS, and its magnitude is proportional to the LOS rate.5'6
Then a modified TPN is submitted, in which the commanded
acceleration is applied in a direction normal to the LOS, and
its magnitude is proportional to the product of LOS rate and
closing speed between pursuer and target.7'8 Furthermore, gen-
eralized proportional navigation (GPN) and ideal proportional
navigation (IPN) were presented recently, in which the com-
manded acceleration is applied with a fixed bias angle to the
direction normal to LOS and normal to the relative velocity
between pursuer and target, respectively.9'11

In GPN, some solutions were previously obtained for a
nonmaneuvering target that seem incomplete.9'10 In this Note,
we try to derive an exact and complete closed-form solution of
GPN with a maneuvering target, which is much more general
and comprehensive than those obtained before. Then a special
case of target maneuver is discussed to easily illustrate the
effect of a target maneuver. It can be solved as a function of
deflection angle of LOS, in general. Some important and sig-
nificant characteristics related to the system performance,
such as capture capability and energy cost, are investigated and
discussed in detail.

II. Closed-Form Solution
Consider a pursuer of speed VM and a maneuvering target

with speed VT in exoatmospheric flight under the guidance law
of GPN. The commanded acceleration is given with a bias
angle /3 to the direction normal to LOS and its magnitude is
proportional to LOS rate, i.e.,

ac = -Av00(cos / r) (1)
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Here, X is the effective proportional navigation constant and
v0 is the magnitude of initial relative velocity. The relative
motion can be described in a polar coordinate system as

v = VM - VT = vrer + veeB (2)

Then the equations of relative motion can be written as

V/ = V0 - Xv0sin (3 - fr(6) (3a)

V(?' = - vr - Xv0cos ]8 - fe(8) (3b)

which is related to the corresponding propellant mass required
for effective intercept in exoatmospheric flight. The relation
between range-to-go r and LOS deflection angle 6 can be
derived as

(9)

r = r0exp — c
Jo V0

[ [e v2cos(02-o:)-XvoCOS p + Fr(Of-oi)
= r0 exp 1 —————————————————-—— di

L J o v2sin(02 - a) + Xv0sm 0 + Fe(6f - a)

and the response of LOS rate can be also obtained as

[v2sin(02 - 0) + Xv0sin j3 + Fe(6f - 0)] /[v2sin 02 + Xv0sin

exp v2cos(02 -a) - Xvpcos g + Fr(0/ -

where primes denote differentiation with respect to 0;/r(0) and
/0(0) correspond to target maneuver in two components of the
polar coordinate, respectively, and are given as continuous
functions of 0. Then, the general solutions of Eqs. (3) are

vr = v2cos(02 - 0) - Xv0cos 0 + Fr(Bf - 0) (4a)

vd = v2sin(</>2 - 0) + Xv0sin 0 + Fe(6f - 6) (4b)

with
ref-e

Fr(6f - 0) = [cos(0, - 0 - a)fr(0f - a)
J o

-sm(ef-0-a)fe(df-a)]da
ref-e

Fe(0f -0)=\ [sm(6f - 6 - a)fr(0f - a)
J o

+ cos(0/ - 0 - a)fe(0f ~ a)] da

Here 0/ is the final deflection angle of LOS until intercept.
Then the integration constant v2 and 02 can be computed from
initial condition, i.e.,

vro + Xv0cos/3-/v(0/)

(5a)

(5b)

where vro and v^0 are two components of v0 in the polar coor-
dinate. Also, the thermal constraint ve(6f) = 0 must be satisfied
for effective intercept, i.e.,

0/ = 02 + ^2 (6)

with 62 = sin~1[(^v0/v2)sin/3]. Then v2, 02, and 0/ can be
solved from Eqs. (5) and (6). The capture criterion can be
obtained as the following inequality:

or

Xv0cos |8/v2cos62

Xv0/v2

(7a)

(7b)

The total cumulative velocity increment required can be ex-
pressed as

(8)= \ac\ dt = Xv0|0/| -

\(Bf-a) 1

i(0/-«) J

(10)

Now a special case of target maneuver is considered to easily
illustrate the system performance. Let fr - -cv0sin/3 and fe
— — cv0cos |8, i.e., target maneuvers in the same direction as
the commanded acceleration and c(>0) is the factor of target
maneuver. Thus, the solution in this case is simply

vr = v3cos(03 - 0) - (X - c)v0cos (3

ve = v3sin(03 - 0) + (X - c)v0sin ]8

(lla)

(lib)

with

v3 = v0 J [sin 0o - (X - c)sin 0]2 + [cos 00 + (X - c)cos 0]2

, sin 00-(X-c)sin/3
03 = tan i ———————————cos0o + (X-c)cos (3

and the capture criterion can be obtained as

[(X-c)v0/v3] > 1 (12a)

or

X> [l/-2cos(00 + /3)] +c (12b)

where 00 is the angle between LOS and initial relative velocity.
Therefore, a larger X is required with a larger target maneuver
for effective intercept. The cumulative velocity increment re-
quired is

ac\ dt = (13)

with 63 = sin"l {[(X - c)v0/v3] sin f3}. Then a larger energy cost
is induced by a larger target maneuver. The response of range-
to-go and LOS rate can be written as

-, (X-c)v0 cos/3
sine^da\=r -

Qve J r°L sin 1/2 (03-f 6 3)

COS 1/2(03 -63)

COS 1/2(03-63 ~
(14)

and

Yl =
r

I cos

d \™±______
°L sin1/2(03 + 63)

cos53

COS 1/2(03-6 3)

(X-C)VQ cos/?
h V 3 cos53

(15)
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respectively. In this typical example, it shows that the LOS rate
approaches zero when [(X-c)v0/v3](cos /3/cos 63)<2 and ap-
proaches infinity when [(X-c)v0/v3](cos /3/cos 63)>2 during
intercept period.

III. Discussion
For the case of a maneuvering target, in general, a larger

proportional navigation constant is required for effective in-
tercept of the target and a high energy cost is induced during
the intercept period. It is simply illustrated with a typical ex-

\-c
Fig. 1 Capture area of GPN with a maneuvering target.

AV

ample as described in the previous section. Thus, target ma-
neuver decreases the capture area and increases the energy cost
required for effective intercept of target, as depicted in Figs. 1
and 2, respectively. We find that from Eq. (15) the value of
[(X-c)v0/v3)](cos /3/cos <53), which must be >1 for effective
intercept of target, determines whether the LOS rate ap
proaches zero or infinity during the intercept period. When
[(A-c)v0/v3](cos /3/cos <53) > 2, which can be transformed to
-cos(</>0 + /3)>{[3(A-c)2cos2/3 + 4]/8(A-c)), the final LOS
rate approaches infinity. When [(X-c)v0/v3](cos 0/cos <53)
<2, it approaches zero until intercept. Thus, the capture area
can be separated into two parts: the LOS rate approaches zero
in one part and approaches infinity in the other, as depicted in
Fig. 3. As a result of the limitation of commanded acceleration
in an actual application, the proportional navigation constant
must be selected appropriately to avoid the LOS rate ap-
proaching infinity for effective intercept of the target. For the
case of a nonmaneuvering target, the solutions can be simply
derived from the previous section with c = 0 and the capture
criterion can be obtained as A>[1/ — 2 cos(</>o + /3)], which is
more comprehensive than those obtained before with a differ-
ent definition of X.9'10 The capture area is affected by the bias
angle /3, where |</>o + /3| >7r/2 must be satisfied, as shown in
Fig. 1. The bias angle also affects the energy cost required for
effective intercept of target, a higher energy cost is required
with a larger bias angle. Finally, the solution of TPN can be
simply obtained from that of GPN with /5 = 0, which is differ-
ent from that of modified TPN.8'12

IV. Conclusion
In this Note, the exact and complete closed-form solutions

of generalized proportional navigation with a maneuvering
target are derived, which are more general and comprehensive
than those obtained before. Also, some significant characteris-
tics, such as capture capability and energy cost, are investi-
gated and discussed in detail under the effect of bias of the
commanded acceleration. Furthermore, a special case of target
maneuver is introduced to easily describe the effect of target
maneuver. The target maneuver decreases the capture area and
increases the energy cost for effective intercept of the target.
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Fig. 2 Energy cost of GPN with a maneuvering target.
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Fig. 3 Separation of capture area under GPN.

References
^uelman, M., "A Qualitative Study of Proportional Navigation,"

IEEE Transactions on Aerospace and Electronic Systems, Vol. AES-
7, No. 4, 1971, pp. 337-343.

2Guelman, M., ''Proportional Navigation with a Maneuvering Tar-
get," IEEE Transactions on Aerospace and Electronic Systems, Vol.
AES-8, No. 3, 1972, pp. 364-371.

3Guelman, M., "Missile Acceleration in Proportional Navigation,"
IEEE Transactions on Aerospace and Electronic Systems, Vol. AES-
9, No. 3, 1973, pp. 462-463.

4Becker, K., "Closed-Form Solution of Pure Proportional Naviga-
tion," IEEE Transactions on Aerospace and Electronic Systems, Vol.
AES-26, No. 3, 1990, pp. 526-533.

5Murtaugh, S. A., and Criel, H. E., "Fundamentals of Propor-
tional Navigation," IEEE Spectrum, Vol. 3, No. 6, 1966, pp. 75-85.

6Guelman, M., "The Closed-Form Solution of True Proportional
Navigation," IEEE Transactions on Aerospace and Electronic Sys-
tems, Vol. AES-12, No. 4, 1976, pp. 472-482.

7Cochran, J. E., Jr., No, T. S., and Thaxton, D. G., "Analytical
Solutions to a Guidance Problem," Journal of Guidance, Control,
and Dynamics, Vol. 14, No. 1, 1991, pp. 117-122.

8Yuan, P. J., and Chern, J. S., "Solutions of True Proportional
Navigation for Maneuvering and Nonmaneuvering Targets," Journal
of Guidance, Control, and Dynamics, Vol. 15, No. 1, 1992, pp. 268-
271.



966 J. GUIDANCE, VOL. 16, NO. 5: ENGINEERING NOTES

9Yang, C. D., Yeh, F. B., and Chen, J. H., "The Closed-Form
Solution of Generalized Proportional Navigation," Journal of Guid-
ance, Control, and Dynamics, Vol. 10, No. 2, 1987, pp. 216-218.

10Yang, C. D., Hsiao, F. B., and Yeh, F. G., "Generalized Guid-
ance Law for Homing Missiles," IEEE Transactions on Aerospace
and Electronic Systems, Vol. 25, No. 2, 1989, pp. 197-212.

11 Yuan, P. J., and Chern, J. S., "Ideal Proportional Navigation,"
Journal of Guidance, Control, and Dynamics, Vol. 15, No. 5, 1992,
pp. 1161-1165.

12Yuan, P. J., and Chern, J. S., "Analytical Study of Biased Pro-
portional Navigation," Journal of Guidance, Control, and Dynamics,
Vol. 15, No. 1, 1992, pp. 185-190.

Optimal Pointing Control of
Robotic Manipulators with
State Inequality Constraints

C.-H. Chuang*
Georgia Institute of Technology,

Atlanta, Georgia 30332

I. Introduction

T HE problem of minimum-time pointing control of a pla-
nar, two-link robotic manipulator considers aligning the

second link of the manipulator with a remote target point. This
problem is quite different from the time-optimal control prob-
lems considered in Refs. 1-5 where the final position of the end
effector is specified. Pointing a remote target imposes a geo-
metric constraint on both of the joint angles of the manipula-
tor. Therefore, the admissible control space is larger than
those considered in Refs. 1-5. In addition, the Lagrange multi-
pliers are also constrained by an equation at final time.

With the additional constraints on the final states and the
Lagrange multipliers, optimal solutions have been generated in
Ref. 6 for the pointing control problem of robotic manipula-
tors. However, in space applications the second link cannot
move freely without any structural interference. Because of
this, we consider an inequality constraint to be imposed on the
elbow joint angle. It is obvious that the minimum time will be
increased. However, it is unclear how optimal solutions will be
changed according to the state-variable inequality constraint.
For example, both shoulder and elbow joint controls appear
linearly in the performance index and the equation of motion;
therefore, both controls may be bang-bang or singular depend-
ing on two switching functions and their derivatives. It has
been shown in Ref. 8 that both controls cannot be singular
simultaneously for the problem without state-variable inequal-
ity constraint. When the path stays on the state boundary, the
two switching functions must be used together with one addi-
tional equality constraint to determine both controls. In this
Note we will show that even with the state-variable inequality
constraint there exists at least one nonsingular control for a
rigid «-link robotic manipulator.

The computation of the optimal solutions can be simplified
if the constrained and unconstrained arcs can be calculated
separately. In Ref. 9 the separate computation has been shown
possible for several conditions. We will show that the order
of the state-variable inequality constraint for robotic manip-
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ulators is two and that the separate computation is impossi-
ble for this case. Furthermore, by using the constraint equa-
tions, we will show that, if the elbow control is nonsingular,
the final point of the optimal path is isolated, if it touches the
state boundary.

II. Problem Formulation
A planar manipulator with two uniform rigid links for

pointing control is shown in Fig. 1 where the shoulder joint is
fixed to the base; LI is the length of the first link, L2 the length
of the second link, r the distance between the center of mass of
the second link and the elbow joint, 0i the shoulder angle, 02
the elbow angle which is the relative angular rotation of the
second link with respect to the first link, ^ the target angle,
and R the target distance scaled by L\. The maximum allow-
able elbow joint angle is denoted by 02max- Equal bounds of
magnitude are assumed for the torques 7\ and T2

\Tt\<Tmax, 1 = 1,2

and the elbow joint angle 02(0 is constrained by

I 02(01 ^2max

Define the state variables

(1)

(2)

*3(0 = 02(0, *4(0 = <?2(0

and the nondimensionalized control variables

ui(t)=Ti(t)/Tmn9 / = 1,2

with the control bounds set to + 1 and - 1

1^(01^1, ' = 1,2

We write the dynamic equations as

x\ = *2

(3)

(4)

(5)

(6)

Fig. 1 Two-link robotic manipulator with elbow constraint.


